In this paper we explore different aspects of three dimensional Born-Infeld as well as Born-Infeld-Chern-Simons gravity. We show that the models have AdS and AdS-wave vacuum solutions. Moreover we observe that although Born-Infeld-ChernSimons gravity admits a logarithmic solution, Born-Infeld gravity does not, though it has a limiting logarithmic solution as we approach the critical point.
Introduction
In this paper we would like to study some features of recently proposed three dimensional gravitational Born-Infeld theory whose action is given by [1] 
where κ 2 = 16πG 3 and G µν = R µν −
AdS and black hole solutions
In this section we will review and extend rotationally symmetric solutions of Born-Infeld theory which includes AdS 3 vacuum as well as solutions with AdS 2 × S 1 symmetry. The later solution may be thought of as extremal black hole solution in the model.
To find the equations of motion of the model it is useful to expand the determinant in terms of trace by which the action (1.1) may be recast to the following form [22] 
Using this form of the action the equations of motion read [5] − κ
where
In general it is difficult to solve the above equations, though since we are interested in solutions with AdS 2 × S 1 symmetry one may utilize the entropy function formalism [21] . An advantage to work with the entropy function formalism is that in this formalism not only one can find the solution but also the entropy of the corresponding solution can be evaluated.
To proceed we start from an ansatz for the metric with AdS 2 × S 1 symmetry as follows
Then the entropy function is defined by
, evaluated at the ansatz (2.6). To find the solution one needs to extremize the entropy function with respect to the parameters v 1 , v 2 and e.
Using the ansatz (2.6) the entropy function (2.7) reads
Extremizing the entropy function with respect to v 1 , v 2 and e we find three algebraic equations for the parameters
To solve these equations we note that from the equations E 1 and E 2 we find
Therefore we get two different solutions given by
In the first case using the equations of motion for v 1 and e one gets
Plugging these expressions into the entropy function (2.7) we can find the entropy of the corresponding extremal black hole solution
13)
2 If we compactify the solution into two dimensions the parameter e can be interpreted as electric field so that q is the electric charge. Moreover we assume that e > 0. Since we are considering the extremal black hole, from dual CFT point of view it means we are dealing with left moving sector. The right moving sector can also be studied by assuming e < 0. On the other hand from three dimensional point of view the parameter q has to be associated with the angular momentum of the extremal black hole. Or equivalently the temperature of the left moving sector may be given in terms on 1/e. 3 To get these equations we assume −v 2 e 2 + 4m 2 v which is physically meaningful for Λ + 2 m 2 > 0. As we will see this is, indeed, the case if we want the theory to support an AdS vacuum.
From this solution which is essentially a locally AdS 3 solution it is evident that the model admits an AdS 3 vacuum solution. In fact parameterizing the metric of AdS 3 solution by
the radius of the AdS metric is found to be
Alternatively one can invert the above equation to find the cosmological constant in terms of the radius of the AdS 3 solution
Note that to have a real cosmological constant we need to assume m 2 l 2 > 1 (see foot note 3). By making use of this expression it is interesting to rewrite the entropy of the black hole in terms of the AdS radius
which may be compared with the Cardy formula. Indeed using the c-extremization [23] one may identify the central charge of the dual CFT as follows [4, 5] 
Using the Crday formula, 19) we are led to the following identification
The identification of the temperature may also be understood from the period of the compact direction in the ansatz (2.6).
On the other hand for the second solution one finds
, 4 Note that from this expression we have Λ + 2m 2 = 2m 2 1 − 1/m 2 l 2 > 0, as we anticipated.
that requires to have 9Λ + 2 m 2 > 0 which is stronger condition than we had in the previous case. Actually this solution may be interpreted as a warped black hole solution. It is easy to find the entropy of the corresponding black hole using the entropy function (2.7)
3 AdS wave solution and Log gravity
Having found the AdS vacuum solution, it is interesting to study AdS wave solution for Born-Infeld gravity. AdS wave solutions for TMG and NMG models have been studied in [11, 12, 24] where it was shown that at the critical value of the parameters the solution develops logarithmic behaviors. The same situation has also been obtained in bi-gravity [25] . In this section we will see that the situation is a little bit different for Born-Infeld gravity.
As we have seen in the previous section the model admits an AdS 3 vacuum solution which can be parametrized as
To proceed, based on this notation, we consider an ansatz for the AdS wave solution as follows
where G(u, y) is an arbitrary function to be determined by equations of motion. Plugging this ansatz in the equations of motion (2.9) one finds that the radius, l, has the same expression as that for the AdS solution. Moreover the function G obeys the following differential equation
One might naively think that the dominator of the above equation is redundant. Actually this is not the case. In fact the dominator plays a crucial rule especially at the critical point m 2 l 2 = 1. Moreover for large ml limit one expects that the above equation reduces to that in NMG model. Indeed evaluating the limit correctly we find that there are contributions from the dominator too. More precisely at large ml limit one finds
which at leading order is exactly the equation we have in NMG model [24] .
The
Thus the generic solution for AdS-wave is
where G's are arbitrary functions of retarded time u. Note that the first two terms can be eliminated by a coordinate transformation [12] . It is natural to look for a possibility of having multiplicities in the roots of the characteristic equation (3.5) . In fact we see that the equation has a multiplicity in the roots for m 2 l 2 = 1. It is, however, important to note that at this point the dominator of the equation (3.3) is zero. Therefore we are not allowed to set m 2 l 2 = 1. Nevertheless it is natural to look for a possible limiting solution when m 2 l 2 → 1. Indeed starting from the following ansatz
and plugging it into the equation (3.3), one arrives at 8) which is zero in the limit of m 2 l 2 → 1. It is worth noting that although the limit is well defined the log solution is not a solution of the equations of motion and indeed it can be treated as a limiting solution. This is in contrast with what happens in TMG and NMG where the solution at the critical point is a solution of the equations of motion.
Adding Chern-Simons term
In this section we would like to extend the Born-Infeld gravity by adding a three dimensional gravitational Chern-Simons term to the Born-Infeld action. The gravitational ChernSimons action is given by
Adding this term to the action the equations of motion (2.9) will be corrected by the term 1 µ C µν , with C µν being the Cotton tensor. On the other hand since the Cotton tensor is zero for and AdS 3 solution, the model still admits an AdS 3 vacuum solution which is indeed the same solution as we had in the previous section (3.1). It is then obvious that the black hole solutions of Born-Infeld gravity which are locally AdS, are still solutions of the modified model. Nevertheless since the modified model is a parity violating model the nature of the theory changes drastically. In particular the central charges of left and right moving sectors of the dual CFT are not equal.
To find the corresponding central charges using the c-extremization procedure, we recall that when the left and right central charges are not equal what the c-extremization procedure computes is the mean value of the central charges [23] . In other words applying the procedure for our case the result of the previous section (2.18) should be read as follows
On the other hand due to the present of the Chern-Simons term the whole action is diffeomorphism invariant up to a boundary term. From boundary theory point of view this shows itself in the gravitational anomaly in the dual CFT. Therefore the difference between the central charges is non-zero and in fact should be proportional to the coefficient of the Chern-Simons term. More precisely we have [26] 
Therefore from the equations (4.2) and (4.3) we get
Following the suggestion of [9] it is natural to see if there is any point in the moduli space of the parameters where the theory could be chiral. In fact looking that the central charge we observe that there is a possibility to set c L = 0 which could lead to a consistent chiral theory with a proper boundary condition. Actually in this case we find a chiral line along which the left handed central charge vanishes
Of course it is clear that for large m 2 l 2 limit the above expression reduces to that in NMG model.
Having had AdS vacuum it is worth looking for AdS wave in this model. In fact starting from the AdS wave ansatz (3.2) the equations of motion reduces to the following differential equation for function G
In large m 2 l 2 limit the above equation may be expanded to get
which at leading order coincides with that for generalized massive gravity [24] . Note that to get the correct expansion it was crucial to take into account the contributions of the dominator.
It is clear that the most general solution of the above differential equation is in the form of y α with constant α satisfying the following characteristic equation
Therefore the generic solution is
To write the above solution we used the fact that the quadratic dependence of the solution can be eliminated by a coordinate transformation.
It is interesting to note that at the critical chiral line given by the equation (4.5) where c L = 0 the characteristic equation degenerates leading to a new logarithmic solution
We observe that although the Born-Infeld gravity does not support the log gravity solution adding Chern-Simons extends the range of parameters to accommodate a log gravity solution. We note also that although at ml = 1 the characteristic equation (4.8) has multiplicity in the roots, the model is only well defined for ml > 1 and we are not allowed to set ml = 1. Moreover, unlike the case considered in previous section, in the present case the limit of ml → 1 is not a well defined too. This means that we do not have a well defined limiting logarithmic solution as well.
Conclusions
In this paper we have studied some aspects of recently proposed Born-Infeld gravity. A nice feature of the proposed action is that upon expanding the action in powers of the curvature at second order the theory reduces to NMG model and at third order the R 3 terms coincident with terms obtained by making use of the holographic c-theorem [3] . Indeed the action was constructed to have such a feature. It is important to note that to get Born-Infeld action one has to sum up infinite terms. Truncating the infinite sum to a summation of finite terms would drastically change the physical content of the theory 6 . In particular NMG model has a critical point given by m 2 l 2 = 1/2 where the central charge of the dual CFT theory is zero and the model admits a new vacuum solution that is not asymptotically locally AdS 3 [24] . It is believed that at this point the theory is dual to a LCFT [31, 32] . Nevertheless when we are considering the Born-Infeld gravity there is noting special at m 2 l 2 = 1/2. In other words summing up the infinite terms, somehow, resolves this point. On the other hand one might suspect that the effect of the infinite summation is just shifting the value of the critical point to m 2 l 2 = 1. We note, however, that this is not the case. Indeed we encounter an interesting effect in Born-Infeld gravity.
Actually the critical point where the central charge vanishes is a singular point in the moduli space of the parameters of the theory. In other words the point can only be reached in the limit of m 2 l 2 → 1. Taking into account that usually we get a logarithmic solution at the critical point, this means that the log gravity is not a solution of the model, though we can have it as a limiting solution. It would be interesting to explore the meaning of this effect from dual CFT description.
We have also seen that adding Chern-Simons terms to the Born-Infeld gravity the situation will change drastically. Although the ml = 1 point is still a singular point in the moduli space of the parameters, there is a critical chiral line where the left handed central charge vanishes and the solution develops a logarithmic term. Form our experience of TMG and NMG model [29, 30, 31, 32] we would expect that the theory along this critical line is dual to a LCFT. It would also be interesting to understand this correspondence better.
In this paper we have studied Born-Infeld gravity with the assumption m > 0, Λ < 0. It is possible to relax this assumption to the cases where m < 0 or m 2 < 0. In these case it is possible to have other critical points. Moreover throughout our paper we have chosen a specific sign for the action. It is, however, possible to use another signs by modifying the action with some parameters, named by η and σ in [4] . Actually we have done all of our computations for generic η and σ. But we noticed that the most physical choice is η = 1 and σ = −1. Therefore we have presented our results only for this specific choice.
We note that the logarithmic solutions we have found in this paper provide gravity descriptions for logarithmic CFT's which might have application in condensed matter physics.
